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Chapter 1

Discrete Distributions

1.1 Introduction

We will present a discrete random variable and some discrete probability distributions such as Discrete
Uniform, Bernoulli, Binomial, Poisson, Geometric and Negative Binomial distributions.

1.2 Random Variables

Interestingly, we are looking for the value of function calcuated from the outcome. For example, we may
roll two dice and add their faces, or flip coins and count the number of heads that occur. In games of
chance, the “events” may correspond to the fall of the dice, the spin of a wheel, or the play of cards,
but we are primarily interested in how much money is won or lost on each play. In computer systems,
we may be interested in measuring the latency of a request, which depends in a complex way on the
state of the system while the request is being processed. A random variable (RV) is a function that
associates a number with the outcome of an experiment. More formally, it is real-valued function defined
on the sample space. For the most part, we'll prefer to reason about random variables without worrying
about the details of the underlying probability space. Finally, recall that we wanted to develop the theory
of probability to reason about the outcomes of exper iments. The Axioms of Probability gave us the
tools we needed to do this. Because the value taken by a random variable depends on the outcome of
an experiment, we can also use probability to reason about random variables. The set of probabilities
associated with the values of a random variable is called the distribution of the variable. Describing the
distribution of a RV totally summarizes its behavior and allows us to draw inferences about it.

1.3 Discrete Random Variable

A discrete variable takes a conutable number of possible values. We can define a discrete random variable
as the probability mass function p.m.f.

If p(a) is the probability mass function p.m.f, then p(a) = p(x = a),

where

p(a) is a positive for at most a conutable number of a value.

x is assumed one of the values xq, x5, . . . ,.



Mathematically,

1 p(x)>0 i=12...,
p(x) =0 all other values of x.

2. The sum of p(x;) is one for all x values. i.e.,

ZP(X,') =1 0<p(x) <L
i=1
Example 1.1

The probability mass function of x are p(x = 0) =

ENIE
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Figure 1.1: The graph represents a Probability Mass Function to our example.



Example 1.2

The p.m.fis:

p(x) = , Ais a positive value x=0,1,2,...

1— Find p(x = 0).
2— FiInd p(x > 2).

solution

Since Y, p(x) = 1, we have that

)\X
) =1
x=0

because -
XI
exp(x) = Z I

x=0 '

then

cexp(A) =1 and c =exp(—A\).

Hence
1.
)\0
plx=0) = exp(-N)5
= exp(—A)
2.

p(x>2) = 1—p(x<2)

Exercises 1.1

1. If we have a Probability Mass Function given by

px=1)=7p(x=2)=2%p(x=3)=3 and p(x=4)=

é. Find



2. A probability Mass Function p.m.f

B § x=0,12
X) =
p(x) {0 otherwise

Find p(x < 2),p(1 < x <2) and p(x < 1).

1.3.1 Discrete Uniform Distribution

If the random variable x assumes the values xi, xp, ..., X, with equal probabilities, then the Discrete
Uniform distribution given by:

x=12...,N

otherwise

(1.1)

o ==

() = F(x, ) = {

Example 1.3
When a die is tossed, each element of the sample space w = 1,2,3,4,5,6 occurs with probability %.
Therefore, we have a discrete uniform distribution, with

1
f(x;6):6, x=1,2,3,4,56

1.3.2 Bernoulli Distribution

Suppose that a trail, or an experiment, whose outcomes can be classified as either a 'success' or as a
"failure’ is performed. If we let x = 1 when the outcome is a success and x = 0 when is a failure, then
the probability mass function of x is given by

p*(1—p)t= x=0,1
0 otherwise

(1.2)

Note that, the sum for the p.m.f of Bernoulli distribution is equal one; that is,

d o p(t—p)t =p"1-p)C+p(1—p)t=1-p+p=1
x=0,1

Example 1.4
One fair coin is flipped. If the outcomes are assumed independent, find the p.m.f of head obtained.
solution

p(X =x)=05%(1—-05)"* x=HT

p(X =1) = 0.5(1 — 0.5)1 = 0.5
p(x =0)=05%1—-05)"°=05



1.3.3 Binomial Distribution

Suppose now that n independent trials, each of which results in a 'success’ with probability p and in a
"failure’ with probability 1 — p, are to be performed. If X represents the number of successes that occur
in the n trails, then X is said to be a binomial random variable(distribution) with parameters (n, p).
Thus, a Bernoulli distribution is just a Binomial distribution with parameters (1, p).

The probability mass function (p.m.f) of a binomial random variable having parameters (n, p) is given

by
B(X = ) = C) p*(1— p)"> x=01,....n (13)

0 otherwise

Note that, the sum for the p.m.f of Bernoulli distribution is equal one; that is,
n

x=0

Example 1.5

Five fair coin are flipped. If the outcomes are assumed independent, find the p.m.f of the number of
heads obtained.

solution

If we let X equal the number of heads ("successes”) that appear, then X is binomial variable with
parameters (n =5, p = %) Hence,

_ _ 0 0 5 __ 1
p(X =0) = (5)0.5 05° =

1 5

X=1)= 51054 =
p( ) (5)05 0.5 5
2 10

X:2 == . 2 . 3:—
p( ) (5)05 0.5 %
3 10
X=3)=(.]0505 ==
p( ) (5) 3
4 5

X =4)= 5%0.51 =
p( ) (5)05 0.5 5
5 1

p(X =5) = (5)0.550.5":—

Example 1.6

It is known that screws produced by a certain company will be defective with probability 0.01
independently of each other. The company sells the screws in packages of 10 and offers a money-
back guarantee that at most 1 of the 10 screws is defective. What proportion of packages sold must the
company replace?

solution
If x is the number of defective screws in a package, then X is a binomial random variable with
parameters (n = 10, p = 0.01). Hence the probability that a package will have to be replaced is

1-p(X=0)—-p(X=1)=1- <100) (0.01)°(0.99)* — (110) (0.01)'(0.99)° = 0.004 (1.4)



Exercises 1.2
(a) Determine p(x < 9) when x is binomial with parameters (n = 10, p = 0.5).
(b) Determine p(2 < x < 4) when x is binomial with parameters (n = 8, p = 0.65).



1.3.4 Poisson Distribution

A random variable X, taking on one of the values 0,1,2, ..., is said to be a Poisson distribution with

parameter \ if for some A > 0,

exp(—A)A\*

PX=x)= —

x=0,1,...

Equation (1.5) defines a probability mass function, since

S o P(X =x) =exp(—A) 352 2 = exp(—A) exp(\) = 1.
Some examples of the poisson distribution:-

1. The number of misprints on a page ( or a group of pages) of a book.
2. The number of people in community living to 100 years of ago.

3. The number of wrong telephone numbers that dailed in a day.

4. The number of packages of dog biscuits sold in a particular store each day.

5. The number of customers entering a post office on a given day.

Example 1.7

(1.5)

Suppose that the number of typographical errors on a single page of this book has a Poisson distribution

with parameter A = % Calcuate the probability that there is at least one error on this page.

Solution
1
p(x>1)=1—-p(x=0)=1-— exp(—i) =0.395
Example 1.8
If x has a Piosson distribution with A = 3.2. Find
1—p(x <2).

2—p(6<x<8).

Exercise 1.3
(i)- Determine p(x < 10) when X is Piosson distribution with A = 9.
(ii)- Determine p(5 < x < 7) when X is Piosson distribution with A\ = 5.

1.3.5 The Geometric Distribution

Suppose the independent trials, each having a probability p, 0 < p < 1, of being a success, are performed

until a success occurs. If we let X equal the number of trails required, then

p(X =x) = (1 - p)!p. x=12,...

(1.6)



Equation (1.6) follows because, in order to for X to equal n, it is necessary and sufficient that the
first n — 1 trails are failures and the n‘" trail is a success. Equation (1.6) then follows, since the
outcomes of the successive trails are assumed to be independent.

Prove that
Y (1-pytp=1
x=1

Solution

- - x—1 __ P _
;;MX=@=p§¥1—m “1-(1-p

So, the Geometric distribution has one parameter which is called p.

Example 1.8

An urn contain N white and M black balls. Balls are randomly selected, one at a time, until a black one
is obtained. If we assume that each selected ball is replaced before the next one is drawn, what is the
probability that (1) exactly x draws are needed, and (2) al least k draws are needed?

Solution
If we let X denote the number of draws needed to select a black ball, then X satifies Equation (1.6)

with p = (I\/I—I\—&/-,N) Hence

1.
N NV ON MNX—1
p(X =x) = = .
M+ N M+ N~ (M+ N)
2.
OO x—1
> =
pix 2 k) (M+N)

- <_W>
- (M+N>

of course (2) could have been obtained directly, since the probability that at least k trails are
necessary to obtain a success is equal to the probability that the first k — 1 trials are all failure.
That is, for a Geometric Distribution

p(x > k)= (1—p)t

1.3.6 The Negative Binomial Distribution

Suppose that independent trails, each having probability p,0 < p < 1, of being a success are performed
until a total of r successes is accumulated. If we let X equal the number of trials required, then

p(X =N)= (::i)pr(l—p)”_' n=r,r+1,-- (1.7)



th th

Equation (1.7) follows because, in order to for the success to ocurr at the n*" trial, there must

be r — 1 successes in the first n — 1 trials, and the nth trial must be a success.

(: B i) pPr—p)"

Prove that
S P(X=n)=1

n=r

1.4 Exercises

1. Find the following probabilities:-

a) P(x =2) when n=38,p=0.3;

) P(x =9) when n =10, p = 0.95;
) P(x =0) when n=10,p = 0.5;
) P(x =4) when n=9,p=0.2.

2. Suppose that the number of accidents ocurring on a highway each day is a Poisson disribution
with parameter \ = 3.
(a) Find the probability that 3 or more accidents occur today.
(b) Find the probability that at least 1 accident occurs today.

3. Find the folowing probabilities:
(a) P(X =2) when n=8,r=5,p=0.01,
(b) P(X =5) when n=10,r =6,p = 0.5.

4. Find the following probabilities:
(a) P(x =5) when x has a geometric distribution with 0.6 probaility.
(b) P(x =7) when x has a geometric distribution with 0.5 probaility.

10



Chapter 2

Continuous Distribution

2.1 Introduction

We will illustrate the continuous random variables, and some continuous distributions such as Continuous
Uniform, Normal, Gamma and Beta distributions.

2.2 Continuous Random Variable

A continuous random variable takes an uncountable number of poissble values. We can define a
continuous random variable as the probability density function p.d.f that is nonnegative function f,
for any real numbers between a set (—o0, 00).

The probability density function of the random variable x has the following properties:

1. f(x)>0.
2. [ f(x)dx=1.

3. P(a<x < b)= [ f(x)dx.

Example 2.1
Suppose that X is a continuous random variable whose probability density function p.d.f is glven by

a2
Flx) = C(4x — 2x ) 0<x<?2
0 otherwise

1. What is the value of C?

2. Find P(X > 1) ?

Solution
Since f is a probability density function, we must have that ffooo f(x)dx =1, implying that

2
C/ (4x — 2x%)dx =1
0

11



3 x=2
C {2x2 _ Qi} —1.
3 x=0

Thus, C = %.

Then,

P(x>1)= f2 f(x)dx = gf12(4x —2x?)dx =

1

N

Example 2.2
The amount of time, in hours, that a computer functions before breaking down is a continuous random
variable with probability density function given by

== >
f(x) = {g‘eXp(loo) x>0
x <0

1— What is the probability that a computer will function between 50 and 150 hours before breaking
down.
2— What is the probability that it will function less than 100 hours.

Solution
Since
f(x)dx = A —— ) =1
/0 (x)dx /0 exp (10())
—)\ X 100 |:eXp (r'o):|0 =1
So,
A = 100.

150 x ) 150
P(50 < X <150) = [5" 155 &P (3g5) = —&xP (155) e = xP(—0.5) — exp(—1.5) = 0.384.
Similarly,
100

P(x < 100) = [ s exp (35)dx = —exp (55), =1 — exp(—1) = 0.633.

2.3 Exercises

1. Let f(x) = Cx 0 < x <1 where f(x) is p.d.f. Find:
() the constant C.
(i) P(3 <x < 2)and P(—3 < x < 3).

2. Suppose the p.d.f is:-

sinx <x <A
f)=4 2 0=XS
0 otherwise

12



(/) Prove that f(x) is p.d.f of x?
(if) Compute the P(x > 3) ?

3. We have the p.d.f

k -2 1
Flx) = X |x | <
0 x =2 >1

Find the value of k?

2.4 Some Continuous Distributions

We will present some continuous distributions:

2.4.1 The Continuous Uniform Distribution

A random variable is said to be uniformly distributed over the interval («, 3) if its probability density
function is given by:-

1
_ )= a<x<f
fx) {0 otherwise (2.1)
Prove that
ol
/a 5 adx =1
Proof
B
/ 3 i adx =
1 B
dx —
(5—a) / 8
b = o x(Boa)=1
(B—a) e (B —a)
Example 2.3

If X is uniformly distributed over (0, 10), calculate the probability that:-
(1) Pr(X < 3).

(2) Pr(X > 6).

(3) Pr(3 < X < 8).

Solution
f(X)=— 0< X <10

3
(1) P(X <3) = [} 35dx =3

13



(2) P(X >6) = [;° Ldx = &

B)PB<X<8)=[ Ltdx=1

2.4.2 The Normal Distribution

We say that X is a normal random variable, or simply that X is normally distributed, with parameters p
and o if the density of X is given by

1

210

} exp(—%) —00 < X <00 (2.2)

f(x) = [

To prove that f(x) is indeed a probability diensity function, we need to show that that

00 _ 2
L / exp—udx: 1

210 J oo 202

Proof

1 [ — p)?
—oo o

2mo 202
o8] (x=p)?
1 RSN ol
/ exp ——Z—dx
210 J_o 2
letting u = £
Then, du = %
00 1 u2 1 /oo u2
exp(——)odu = —— exp(——)du
oo V2TO P 2) V2T J oo P( 2)
1
= —V27
v 22T
= 1.
Example 2.4

If X is a normal random variable with parameter y = 3 and 0% = 9. Find Pr(2 < X < 5), Pr(X >
0), and Pr(|X — 3| > 6).

Solution

Pr2< X <5)=Pr(32 <X 2 <33)=Pr(-3 <X <3)=0(3)— o(—
= 0.7457 — 0.3557 = 0.39

W=
~

Pr(X >0)=Pr(32 > %3)=Pr(Z> -1)=1- Pr(Z < -1)
=1-0.1587 = 0.8413

14



Pr(|X —3| >6) = Pr(X >9)+ Pr(X < =3)

= Pr(X5E > 923) 4 Pr(X2 < 23) =

Pr(Z >2)+Pr(Z <—2)=1-Pr(Z <2)+ Pr(Z < —2) =1—0.9713 — 0.0228 = 0.0059

Exercise 1

An expert witness in a paternity suit testifies that the length (in days) of pergnancy ( that is, the time from
impregnation to the delivery of the child) is approximately normally distributed with parameters . = 270
and 02 = 100. The defendent in the suit is able to prove that he was out of conutry during a period that
began 290 days before the birth of the child and ended 240 days beforethe birth. If the defendant was,
in fact, the father of the child. What is the probability that the mother could have had the very long or
very short pregnancy indicated by the testimoney?

2.4.3 Gamma Distribution

A random variable is said to have a Gamma distribution with parameters («, 3), aand 8 > 0 if its density
function is given by

1 a—1 _X < <
F(x) = (_r(a_)5”> X Texp(=5)  0=X<oo (2.3)
0 otherwise

Note that:

r(t)= /0 ) exp(—y)y*'dy.

The integration by parts of ['(t) yields that

= (t—1)
Prove that
Gamma distribution is a p.d.f?
Proof
< 1 X
X lexp(==)dX = 1
/o ()5 P
/°° L getyetep(—y)idy —
o [(a)B*
1 —1+1 /OO -1
— [ Tlexp(—y)dy =
F(a)ﬁaﬂ Y p(—y)dy
1
BT (a) = 1
IO
Quiz.1

15



1. Where can we use the Gamma distribution?

2. what is a special case of the Gamma distribution?

2.4.4 Beta Distribution

A random variable is said to have a beta distribution if its density is given by

L x(a-1)(1 — x)(b-1) 0<x<1
F(X) = f(X,a b) = { F@b) ( ) X (2.4)
0 otherwise
we should know that
1 I(a).r(b)
a—1 1 - b—ld —
/Oy (1—y)"dy Tatb)
Thus,
Fath) (11— X)-D  p<x<1
f(X)=f(X,ab)={ r@r®G = ( ) ) (2.5)
0 otherwise
since
I(a)r (b)
b) =
B(a.b) I(a+b)
Remark

The beta distribution goes to Uniform distribution over (0,1) if a=b = 1.

Prove that
Beta distribution is a p.d.f?

2.5 Exercises
1. If X is a normal random variable with parameters y = 10, 0> = 36. Compute P(X > 5),
P(X < 20), P(X > 10), P(X < 8)and P(4 < X < 16).

2. The annual rainfall (in inches) in a certain region is normally distributed with 1 = 40, 0 = 4. What
is the probability that starting with this year, it will take over 10 years before a year occurs having
a rainfall of over 50 inches?

3. If X is uniformly distributed over (—1, 1), find:
P(|X]| > %) P(sin(m X/2) > %)

16



Chapter 3

Expectation and Variance

3.1 Introduction

We will present some importance properties such as Expectation and Variance of a discrete and a
contnuous random variables.

3.2 Expectation of a discrete random variable

One of the most important concepts in probability theory is that of the expectation of a random variable.
If X is a discrete random variable having a probability mass function p.m.f, mathematically P(x), the
expectation or the expected value of X, denote by E(X), is defined by

EX) = Y xplx) (31)
x:p(x)>0
Example 3.1
Find E(X) where X is the outcome when we roll a fair die.
solution

since p(1) = p(2) = p(3) = p(4) = p(5) = p(6) = ¢, we obtain that

— 1 1 1 1 1 1_21_7
E(X)=1xz4+2x g +3xz+4xg+5xz+06xg=% =73
Example 3.2
Calculate E(X) when X is a Bernoulli random variable with parameter p.
Solution

since p(0) =1 — p, p(1) = p, we have

E(X)=0x(1—p)+1xp=p.

17



3.3 Expectation of a continuous random variable

If X is a continuous random variable having a probability density function f(x), then the expected value
of X is defined by

E(X) = /_OO x f(x) dx (3.2)

[e.9]

Example 3.3
Calculate the expectation of a random variable uniformly distributed over (o, 3).

Solution
From Equation (2.1) we have

E(X) = /jﬁiadx

62_052
2(8 =)
f+a
2

Example 3.4
Calculate E(X) when X is normally distributed with parameters 1 and o2.

Solution
From Equation (2.2) we have

E(X) = —— /Ooxexp((x_“)z)dx

2710 J_o 202

Writing x as (x — p) + p yields

200 = [t eoE Dy axrn e [ oo B0 ox

Letting y = x — p leads to

e = [ x5yt [ fxx

20 J_o 0o

where f(x) is the normal density. By symmetry, the first integral must be 0, and so

EX) = [ " F(dx =

3.4 Exercises 1

1. Caculate E(X) when X is binomially distributed, with parameters n and p.
2. Caculate E(X) when X is a Poisson random variable having parameters \.

3. Caculate the expected value of a geometric having parameters p.

18



4. Caculate E(X) when X is a Negative Binomial distribution.
5. Caculate E(X) when X is a Gamma distribution having parameters « and £.

6. Caculate E(X) when X is a Beta distribution having parameters a and b.

3.5 Variance

1. If X is a discrete random variable having a probability mass function p.m.f, mathematically P(x),
the variance of X, denote by var(X), is defined by

var(x) = > [x — E(x)* P(x) (3.3)

2. If X is a continuous random variable having a probability density function f(x), then the variance
of X is defined by

var(x) = : [x — E(x)]? P(x) (3.4)

In general, we can define the variance of X as follows

var(x) = E[x—E(x)

E[x*] - [E(x)? (3.5)
Proof
Ex—Ex) = E [x* — 2xE(x) — (E(x))?]

= E(x*) — 2E(x)E(x) + (E(x))?

= E(x*) = 2(E(x))* + (E(x))*

= E(x*) - (E(x))?
Example 3.6
Find var(X) where X is the outcome when we roll a fair die.
solution

since p(1) = p(2) = p(3) = p(4) = p(5) = p(6) = %, we obtain that

[e)}

var(X) = (122 x t+(2— 2P x4+ B2 x g+ (4 -2 x e +(5-L)Pxz+(6—-2) x¢ =32
Quiz
Find var(x) for the above example using var(x) = E(x?) — (E(x))*?

Example 3.7

Calculate var(X) when X is a Bernoulli random variable with parameter p.
Solution

since p(0) =1 — p, p(1) = p, we have

var(X) = (0-p)°*x(1-p)+(1-p)*xp
= p(1—p)+(1-p)p
p(L—=p)[p+(1-p)
= p(l-p)

19



Example 3.8
If we have a p.d.f

1 < x<
flx) = 4 3 0<x = 3
0 otherwise

Calculate E(x) and var(x)

Solution

N>

m
—
X
N—r
Il
S OWl N
w
— x
ew  wl
Q
X

We can easily find the variance of x as follow(this is quiz to you)

3.6 Exercises 2

1. Caculate var(X) when X is binomially distributed, with parameters n and p.
2. Caculate var(X) when X is a Poisson random variable having parameters \.
3. Caculate the expected value of a geometric having parameters p.

4. Caculate var(X) when X is a Negative Binomial distribution.

5. Caculate var(X) when X is a normal distribution having parameters ;i and o2.

(
(X)

6. Caculate var(X) when X is a Gamma distribution having parameters o and .
(X)

7. Caculate var(X) when X is a Beta distribution having parameters a and b.

20



3.7 Moment Generating Function

The moment generating function ¢(t) of the random variable X is defined for all values t by

> ox exp(tX) p(X), X is discrete

)
Jx exp(tX) f(x)dx, X is continuous (3.6)

6(t) = Efexp(tX)] = {

where ()(t) is the moment generating function.
We can find all the moments of X by differentiating ¢(t). For example,

A1) = TEle(tx)

- E {%(exp(tX)}

= E[Xexp(tX)]
Hence,

¢'(0) = E(X)
Similarly,

S0 = SE()

= %E[Xexp(tX)]

= E [%(X exp(tX)}

= E[X?exp(tX)]
and so

¢"(0) = E(X?).

In general, we can write ¢(")(0) as follows:

Example 3.9
Calculate E(X) and var(X) when X is the binomial distribution with parmaeters n and p. using the
moment generating function.

Solution

o(t) = Efexp(tX)]
= ) exp(tk) (:) p(L—p)*

n

= > (Z) (pexp(t)) (1 — p)"*

~ [pexp(t) + 1 p"
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Hence,

¢'(t) = n(pexp(t) +1 — p)" ' pexp(t)

and so
EX] = ¢/(0) = np

Quiz. 2
How can compute var(X).

3.8 Exercises 3

1. Caculate E(X) and var(X) when X is a Poisson random variable having parameters \. using the
moment generating function.

2. Caculate the expected value of a geometric having parameters p, using the moment generating
function.

3. Caculate E(X) and var(X) when X is a Negative Binomial distribution using the moment generating
function.

4. Caculate E(X) and var(X) when X is a normal distribution having parameters y and o2, using the
moment generating function.

5. Caculate E(X) and var(X) when X is a Gamma distribution having parameters o and 3, using the
moment generating function.

6. Caculate E(X) and var(X) when X is a Beta distribution having parameters a and b, using the
moment generating function.

3.9 Summary

At the end of this module you should be able to

1— Understand the discrete and continuous random variables.
2— Understand the discrete and continuous common distributions.
3— Understand the expected value and variance for some common distributions.

4— Understand the moment generating function for the discrete and continuous random variables.
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