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Chapter 1

Set Theory

1.1 Introduction

What does Set mean?
Set is a collection of objects (elements) of the same kind.

What does Sample space or Universal Space {2 mean?
Sample Space is a collection of all elements, and a set is subset from a sample space.
In this case the order does not matter.

Example 1
if we have a sample space contains from the following elements: 2 = {1,2,3,4,5,6}
Then, we can make a lots of sets from (2,

A={1,2},B=1{1,2,3,4,5},..., etc.

Some important definitions

e Subset
Set A is a subset from set B: A C B.
Two sets A and B are said to be equal if and only if iff A C B and B C A.

e the Empty set
The set contains no elements. Mathematically, ¢.



1.2 Set Operations

There are some operations on sets, if we have Ay, Ay, ..., and By, B,, ..., sets.

Union: AUB ={x:x € Aorx € B},

Intersection: AN B ={x:x € Aandx € B},

Complement : A° = {x:x ¢ A},

Difference: AAB=ANB° = {x:x € Aandx ¢ B},

Symmetric difference: AAB = (A\B) U (B\A).

1.2.1 Law of Set Operations

1.

Idempotent law
AUA=Aand ANA=A.

Associative law
(AnB)NC=An(BNC)and
(AUB)UC =AU (BUC).

Distribative law
AN(BUC)=(ANnB)U(BNC) and
AU(BNC)=(AuB)n(BUC(C).

Identity law
AUp=A and AUR = and
AN¢g=¢,and ANN =A.

Complement law
AUA® =12 (A9) = A, ¢ =1
AN A =¢ and 2° = ¢.

De margan law

(AUB) = AN B
(AN B)< = AU BS;
p(AB¢) = p(A°U B€) or
p(A° 1 B<) = p(A° U BF)



1.3 Exercises

1. Let 2 = {1,2,3,4,5,6}, A= {2,4,6}, B = {3,4,5} and C = {1,6}. Find the following
sets:-
1- AuC, 2— A 3— B°NCe
4— (AC)C 5— ANB 6— A°UB
7-(AUB) 8- AUBUC
9— A°UBS 10— [(ANB)UC]:. 11— (B

2. Let A= {r} and B = {g}. Find the following sets:
1- 2 2—ANB 3—AUB 4— pNA 5— AU AS 6— B°UB

3. If we have U = {naturals number}; A= {2,4,6,8,10} and B = {1,3,6,7,8}. Find the following
sets:-
1- AUC, 2— A 3— B°NCe
4— (A°)° 5— ANB 6— A°UB
7— (AU B)“ 8— (B9)° 9-—AUB

4. Let u={1,2,...,8,9}, A=1{1,2,345}, B=1{24,628}and C={3,4,5,6}. Find
1— Ac 2—- AnC 3— [ANnC]° 4— AUB
5— B\C.

5. Let U={a, b, c,d, e}, A ={a, b, c}andB = {b, d, e}. Find
1- AUB 2— B° 3—A°NB 4— A°N B°
5-[ANB]° 6- BNA 71— B\A
§— AUBS  9— B\A° 10— [AUBI



Chapter 2

Basic of Counting

2.1 Introduction

In this chapter we will present some methods of Counting which is very related to our work. Loosely
speaking, we have two experiments A and B having m and n outcomes, respectively. Then, there are
mn possible outcomes of the two experiements.

Definition

Suppose that two experiments are to be performed. Then if experiment 1 can results in any one
of m possible outcomes and if, for each outcome of experiment 1, there are n possible outcomes of
experiment 2, then together there are mn possible outcomes of the two experiments.

Example 2.1
A small community consists of 10 men, each of whom has 3 sons. If one man and one of his sons are to
be chosen as father and son for the year, how many different choices are possible?

Solution
10 x 3 =30

Definition: Generalized Basic Principle of Counting

If r experiments that are to be performed are such that the first one may result in any of ny possible
outcomes, and if for each of these n, possible outcomes there are n, possible outcomes of the second
experiment, and if for each of the possible outcomes of the first two experiments there are n3 possible
outcome of the third experiment, and if,. .., then there are a total of ny X ny X ... X n, possible outcomes
of the r experiments.

Example 2.2

A college planning committee consists of 3 freshmen, 4 sophomores, 5 juniors and 2 seniors. A
subcommittee of 4, consisting of 1 individual from each class, is to be be chosen. How many different
subcommittee are possible 7

Solution



3x4x5x2=120

Example 2.3

How many different seven-places license plates are possible if the first three places are to be occupied
by letters and the finals four by numbers ?

Or how many license plates would be poissble if repetition among letters or numbers were prohibited?

Solution

1. 26 x 26 x 26 x 10 x 10 x 10 x 10 = 175760000.

2. 26 x 25 x 24 x 10 x 9 x 8 x 7 = 78624000 poissble license plates.

Example 2.4
How many functions defined on n points are possible if each functional value is either 0 or 1 7

Solution
Let the points be 1,2,---, n. Since f(i) must be either 0 or 1 for each i = 1,2,---, n, it follows that
there are 2" poissble functions.

2.2 Permutations

How many different ordered arrangement of the letters a, b, andc are poissble?

solution

By direct enumeration we see that there are 6; namely, abc, ach, bac, bca, cab,and cba. Each
arrangement is known as a permutation. Therefore, a permutation is a simple random sample without
replacement. i.e., 3.2.1 = 6.

Suppose now that we have n objects. Reasoning similar to that we have just used for the 3 letters shows

that there are
n(n—1)(n—2).....32.1=n!

different permutation of the n objects.

Example 2.5
How many different batting orders are possible for a baseball team consisting of 9 players?

solution
There are 9! = 362880 possible batting orders.



Example 2.6
A class in probability theory consists of 6 men and 4 women. An examination is given, and the students
are ranked according to their performance. Assume that no two students obtained in th same score.

1— How many different ranking are poissble?

2— If the men are ranked just among themselves and the woman among themselves, how many different
ranking are poissble?

solution

1— 10! = 3628800.
2— (6!)(4!) = (720) x (24) = 17280 poissble rankings in this case.

Exercise 2.1

Mr. Jones has 10 books that he is going to put on his bookshelf. Of these, 4 are mathematics books, 3
are chemistry books, 2 are history books, and 1 is a language book. Jones wants to arrange his book
so that all the books dealing with the same subject are together on the shelf. How many different
arrangements are poissble?

In general, if we have a different permutations of n objects, of which n; are alike, n, are alike, --- , n,
are alike. Then, the permutation is:
n!

n_
'Df_nl [ I
1:Mpf ... N2

Example 2.7
How many different letters arrangements can be formed using the letters PEPPER 7
solution

6 6!

PS = 5151 = 60

Example 2.8

A chess tournament has 10 competitors of which 4 are Russian, 3 are from the United Stated, 2 from
Britian, and 1 from Brazil. If the tournament result just lists the nationalities of the players in the order
in which the placed, how many outcomes are poissble?

solution

10!
10 _ _
P,” = TR 12600
Example 2.9
How many different signals, each consisting of 9 flags hung in a line, can be made from a set of 4 white
flag, 3 red flags, and 2 blue flags if all flags of the same color are identical?



solution

9

Pe = Ji3iar — 1260

2.3 Combinations

We are interested in determining the number of different groups of r objects that could be formed from
a total of n objects.

Definition 2.1
We define C, for r < n, by

cr = (_—').. (2.1)

and say that C” represents the number of possible combinations of n objects taken r at a time!l.
Moreover, C represents the numbers of different groups of size r that could be selected from a set of n
objects when the order of selection is not considered relevant.

Example 2.10
A committee of 3 is to be formed from a group of 20 people. How many different committee are poissble?

solution

% 20!

3 = 1731 1140 poissble committee.

Example 2.11
From a group of 5 men and 7 women.

1. How many different committees consisting of 2 men and 3 women can be formed 7

2. What if 2 of the women are feuding and refuse to serve on the committee together ?

solution
1—
51 7!
GCl = 321 < 231 = 350 poissble committee.
> 20l 51 2l 5l
GG+ GG = 2|(')| X 2@ + llil X 3@ = 300 poissble committee.
Example 2.12

A police department in a small city consists of 10 officers. If the department policy is to have 5 of the
officers patrolling the streets, 2 of the officers working full time at the station, and 3 of the officers on

1By convention 0! is defined to be 1. Thus Cf = C" = 1.



reserve at the station. How many different divisions of the 10 officers into the 3 groups are poissble?
solution

3 = 1731 1140 poissble committee.

2.4 Exercise

1. (a) How many different 7—place license plates are poissble if the first 2 places are for letters and
the other 5 for numbers?
(b) Repeat (a) under the assumption that no letter or number can be repeated in a single license
plate.

2. John, Jim, Jay and Jack have formed a band consisting of 4 instruments. If each of the boys can
play all 4 instruments.
(a) How many different arrangements are poissble?
(b) What if John and Jim can play all 4 instruments, but Jay and Jack can each play only piano
and drums?

3. If 4 Americans, 3 Frenchmen, and 3 Englishmen are to be seatedin a row. How many seating
arrangements are poissble when people of the same nationality must sit next to each other?

4. (a) In how many ways can 3 boys and 3 girls sit in a row?
(b) In how many ways can 3 boys and 3 girls sit in a row if the boys and the girls are each to sit
together?
(c) In how many ways if only the boys must sit together?
(d) In how many ways if no two people of the same sex are allowed to sit together?

5. How many different letter arrangements can be made from the letters (a) FLUKE, (b) PROPOSE,
(c) MISSISSIPPI, and (d) ARRANGE ?

6. A committee of 7, consisting of 2 Republican, 2 Democrats, and 3 Independents, is to be chosen
from a group of 5 Republicans, 6 Democrats, and 4 Independents. How many committee are
poissble?

7. A student is to answer 7 out of 10 questions in an examination. How many choice has he? How
many if he must answer at least 3 of the first 5 questions?



Chapter 3

Probability

3.1 Introduction

We will introduce the concept of the sample space, the events of an experiment and then the concept
of the probability of an event.

3.2 Sample Space and Events

We can define that an experiment is not predictable with certainty in advance. Moreover, the outcome
of the experiment will not be known in advance. So, we can define the Sample Space (S) is the set of
all possible outcomes which is known.

Some examples:-

1. If the outcome of an experiment consists in the determination of the set of a newborn child, then
5={g b}
where the outcome g means that the child is a girl and b that it is a boy.

2. If the outcome of an experiment is the order of finish in a race among the 7 horses having post
positions 1,2,3,4,5,6,7, then

S = {all 7! permutations of (1,2, 3,4,5,6,7)}.

The outcome (2,3,1,6,5,4,7) means, for instance, that the number 2 horse comes in first, then
the number 3 horse, then the number 1 horse, and so on.

3. If the experiment consists of flipping two coins, then the sample space consists of the following
four points
S=A{(H.H),(HT), (T H).(T.T)}

The outcome will be (H, H) if both coins are heads, (H, T) if the first coin is head and the second
tail, (T, H) if the first is tail and the second heads, and (T, T) if both coins are tails.

4. If the experiment consists of tossing two dice, then the sample space consists of the 36 points
S={(i.)) i,j=1,2,3,4,506}

where thee outcome (i, j) is said to occur if i appears on the leftmost die and j on the other die.

10



5. If the experiment consists of measuring ( in hours) the lifetime of a transistor, then the sample
consists of all nonnegative real numbers. That is

S={x:0<x< o0}

Any subset E of the sample space is known as an event. That is, an event is a set consisting of poissble
outcomes of the experiment. If the outcome of the experiment is contained in E, then we say that £
has occured.
Some examples of events are the following.
In example one above, if E = {g}, then E is the event that child is a girl. Similarly, if F = {b}, then F
is the event that the child is a boy.
In example 2, if

E = {all outcomes in S starting with a 3}

then E is the event that horse 3 wins the race.

In example 3, if E = {(H, H),(H, T)}, then E is the event that a head appears on the first coin.

In example 4, if E = {(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}, then E is the event that the sum of the
dice equals 7.

In example 5, if E = {x : 0 < x < 5}, then is the event that the transistor does not last longer than 5
hours.

3.3 Axioms of Probability

The goal of probability theory is to reason about the outcomes of experiments. Here, experiment is an
extremely general term that encompasses pretty much any observation we might care to make about the
world.

The basic mathematical construction were interested in is the probability space, which has three
components:

1— the sample space, {2, which is the set of all possible outcomes of the experiment.
2— the collection of events, F, the set of outcomes of the experiment we wish to reason about

3— the probability measure, P, which assigns probabilities to the events in F.

An individual event, E € F, is a subset of the sample space. If w € 2, is the outcome of an experiment
and w € E, we say that event E has occurred. Its intuitive to define P(E), the probability of event E,
as the fraction of occurrence of E. That is, if we perform our experiment N times, and Ng of those
trials result in event E occurring, we could say

. Ne

P(E) = /\/Iinoo m (3.1)
This definition is intuitively reasonable, but makes several technical assumptions about the existence of
the limit and the fact that the ratio converges to a single value for all possible sequences of experimental
outcomes.
Rather than make those kinds of assumptions, modern probability theorists prefer to define a more basic
set of axioms (assumptions) about the nature of the probability measure P. Using these axioms, we
can then derive more complex results, including the intuitive definition of probability as a fraction of
occurrence.

11



The three Axioms of Probability are:

1- 0< P(E) < 1.

2— P(2)=1.

3— P(¢) =0.

4— If E and F are mutually exclusive events, P(E U F) = P(E) + P(F).

The first axiom states that the probability of an event is a number between 0 and 1. This is in keeping
with our intuitive definition of probability as a fraction of occurrence. The second axiom states that the
event described by the entire sample space has probability of 1. If w is the outcome of an experimental
trial, then w € (2, by the definition of the sample space, so the event described by 2 must occur on
every trial. Intuitively, we can say that every experiment we perform must yield some kind of result, and
that result must be in the sample space, so the event described by the sample space is so general that
it must always occur.

The third axiom describes how to combine the probabilities of mutually exclusive (also called disjoint)
events. Intuitively, if E and F cannot occur at the same time, then the fraction of time that E or F
occurs is the sum of the fractions of time that E and F occur individually.

3.4 Some Propositions

We will present some extension Propositions for assumptions of probability:-

1. P(E°)+ P(E) =1. So, P(E) =1 — P(E). Prove it?
EUE =1
P(EUE®) = P(R2)
P(E) + P(E€) = 1 because E and E€ be mutually exclusive events.
P(E€) =1— P(E).

2. If E C F,then P(E) < P(F). Prove it?
Let A= BU B°A
P(A) = P(BU B<A)
BNBA=¢
since B and B°A are mutually exclusive events,
P(A) = P(B) + P(B<A).
Thus,
P(B) < P(A)

3. P(AB°) = P(A) — P(AB). Prove it?
A= ABU AB*¢
P(A) = P(ABU AB°)
ABNABc =¢
AB and AB¢ are mutually exclusive events,
P(A) = P(AB) + P(AB°)
P(AB<) = P(A) — P(AB)

12



4. P(AUB) = P(A)+ P(B) — P(AB). Prove it?
Let AUB =AB° UABUA°B
P(AUB) = P(AB°U ABU A°B)
AB€, AB and A°B are mutually exclusive events,
P(AU B) = P(AB°) + P(AB) + P(A°B)
Since P(AB<) = P(A) — P(AB), and
P(A°B) = P(B) — P(AB). Then,
P(AUB) = P(A) — P(AB) + P(AB) + P(B) — P(AB)
P(AUB) = P(A)+ P(B) — P(AB)

Example 3.1

Two prizes to be given to two student who are choice at random from 4 student (a, b, ¢, andd).
Let A, B,andC are events defined by:-

A'is a must recive a prize.

B is a or b recive a prize but not together.

C is ¢ not recive a prize.
Find.
P(A), P(B), P(C), P(AB), P(AC), P(BC), P(AUB), P(BU C), P(A°B¢), P(A) and P(A° U B°).

Solution

S =Cp = 55 =6 ways. or

S ={ab, ac, ad, bc, bd, cd}

A = {ab, ac, ad} or C} = 25 = 3 ways.

B = {ac, ad, bc, bd} or C? x C2 = 4 ways.
C = {ab, ad, bd} or C3 = 3 ways.

Then,
PAY=2 P(B)=% P(O)=3

AB = {ab,ac}, P(AB) = 2

P(AUB) = P(A)+ P(B) — P(AB) = 2 +

[
I
[e)}[¢;]

AU B = {ab, ac, ad, bc, bd}

P(A°B) =1— P(AB)=1-2="1

13



P(A)=1-P(A)=1-32=23
P(AS U BS) = P(A°) + P(BF) — P(A°BF)
since P(A°B€) = P(AU B)¢ by demargon law. Then,

P(AUB)*=1-P(AUB)=1-3 =

PAUBS) =3 4214

3.5 Exercises

1. A bag contains 10 white and 8 red balls. Four balls are chosen at randomly. Find the probabilities
of the following events:
A is that there will be 3 red balls.
B is that there will be at least 2 white balls.
C is that there will be at most 2 red balls.

2. Eight persons are to be assigned to two different rooms. Let
A one room must have 3 persons.
B each room must have at least 3 persons.
C the first room must have 2 persons.

Find P(A), P(B) and P(C)?

3. A bag contains 10 white cards, 4 green and 6 cards. If one card is drawn from the bag at randomly.
(a) What is the probability that it is not black card.
(b) What is the probability that it is white or black card.

4. If r denotes the number that shows by red dice and b denotes the number that shows by black
dice. Find the probability of the following events:

A={r+b=4}
B={r+b=56}
C={r+b=10}
D= {b=r?}

5. The letters aabbbccc are randomly arranged in a row. Define the following events:
F no two b’'s come together.
E the last letter is b.
Find: P(E), P(F) and P(ENF) ?

14



Chapter 4

Conditional Probability and Independence

4.1 Introduction

In this chapter we introduce one of the most important concepts in probability theory, that of conditional
probability. The importance of this concepts is twofold. In the first place, we are often interested
in calculating probabilities when some partial information concerning the result of the experiment is
available; in such a situation the desired probabilities are conditional ones. Second, evenwhen no partial
informationis available, it is often useful to use conditional probabilities as a tool to enable us to compute
the desired probabilities more easily.

4.2 Condition Probabilities

If we let E and F denote, respectively, then the probability just obtained is called the conditional
probability that E occurs give that F has ocurred and is denoted by P(E|F). Thus, we can define that
the conditional probability is:

P(E|F) = —— P(F)>0 (4.1)

where
P(EF) is a probability of the events E and F ocurring together.
P(F) is a probability of the event F.

Example 4.1

A coin is flipped twice. If we assume that all four points in the sample space § =
{(H,H),(H, T),(T,H),(T, T)} are equally likely, what is the conditional probability that both flips
result in heads, given that the first flip does?

Solution

If we assume that E = {(H, H)} denotes the event that both flips land heads, and F = {(H, H), (H, T)}
the event that the first flip lands heads, then the desired probability is given by

15



P(EIF) =

Example 4.2

An urn contains 10 white, 5 yellow, and 10 black marbles. A marble is chosen at random from the urn,
and it is noted that it is not one of the black marbles. What is the probability that it is yellow?
Solution

P(Y[BY) =

Wi B

Example 4.3

The orginazation for which Mr. Jones works is running a father-son dinner for those employees having
at least one son. Each of these employee is invited to attend along with his eldest son. If Jones is known
to have two children, what is the conditional probability that they are both boys, given that he is invited
to the dinner?

Solution

0.25

By multiplying both sides of Equation (4.1) by P(F), we obtain that

P(EF) = P(F)P(E|F) (4.2)

Example 4.4

Celine is undecided as to whether to take a French course or a chemistry course. Although she actually
prefers chemistry, Celine estimates that her probability of receiving an A grade would be % in French
course, whereas it would only be % in a chemistry course. If Celine decides to base her decision on the

flip of a coin, what is the probability that she gets an A in chemistry?

Solution
Letting C is the event that Celine takes chemistry and A denote the event that she receives an
A in whatever course she takes, then the desired probability is P(CA). This is calculated by using
Equation (4.2) as follows:

P(CA) = P(C)P(AIC) = (3)(3) =

1
6

Example 4.5
Suppose an urn contains 8 red balls and 4 white balls. We draw 2 balls from the urn without replacement.

16



If we assume that at each draw each ball in the urn is equally likely to be chosen. What is the probability
that both drawn balls are red?

solution

Let R; and R, denote, repectively, the events that the first and second ball drawn is red. Now, given that
the first ball selected is red, there are 7 remaining red balls and 4 white balls, and so P(Rx|R;) = ;.
As P(Ry) is clearly <, the derired probability is

2 7 14
P(RiR;) = P(R)P(Rx|R) = = X — = —
(RiRe) = P(RI)P(Re|Ry) = 5 % 17 = 53
Homework
Is there any other soultion for the above example. How?
4.3 Independent Events
Two events E and F are said to be independent if
P(EF) = P(E)P(F). (4.3)

Two events E and F that are not independent are said to be dependent.

Example 4.6

Two dice is flipped once. Let r be the number shown the first die and b be the number shown the second
die. Assumethat A={r+b<dord<r+b<Tifr=30rr+b=11ifr =6}, B={r=2o0rr =3}
and C = {r—b=20orr,b>2andr+ b =8orr,b > 2andr + b = 9}. Show that A, B and C are
completely independent.

solution

A={(1,1),(1,2),(2,1),(3,2).(3,3).(6,5)} P(A) = 5 = &.
B=1{(21),(2,2),(2,3),(2.4),(2,5),(2,6),(3,1).(3,2),(3,3),(3,4).(3,5),(3,6)} P(B) = %—2 3
C=1{(1,1),(2,2),(3,3),(44),(55).(6,6),(3.5),(53).(3,6), (45),(54),(6,3)} P(C) = 3.
AB ={(2,1).(3,2),(3,3)} P(AB) = 3

AC ={(1,1),(3,3)} P(AC) = 5

BC=1{(22),(3.3).(3.6),(3.5)} P(BC) = =3

ABC ={(3,3)} P(ABC) = =

So,

P(AB) # P(A)P(B)

P(AC) = P(A)P(C)

P(BC) = P(A)P(B)

P(ABC) = P(A)P(B)P(C)

'3|'6henv6 33 36

A, B and C are not completely independent.

4.4 Bayes Law
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